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Topological quantum phase transitions (TQPTs) in a material induced by external perturbations
are often characterized by band touching points in the Brillouin zone. The low-energy excitations
near the degenerate band touching points host different types of fermions, while preserving the
topological protection of surface states. An interplay of different tunable topological phases offers
an insight into the evolution of topological character. In this paper, we study the occurrence of
TQPTs as a function of hydrostatic pressure in CdGeSb2 and CdSnSb2 chalcopyrites, using the
first-principles calculations. At ambient pressure, both materials are topological insulators having a
finite band gap with inverted order of Sb-s and Sb-px,py orbitals of valence bands at the Γ point. On
the application of hydrostatic pressure the band gap reduces, and at the critical point of the phase
transition, these materials turn into Dirac semimetals. On further increasing the pressure beyond
the critical point, the band inversion is reverted making them trivial insulators. The pressure-
induced change in band topology from non-trivial to trivial phase is also captured by Lüttinger
model Hamiltonian calculations. Our model demonstrates the critical role played by a pressure-
induced anisotropy in frontier bands in driving the phase transitions. These theoretical findings
of peculiar coexistence of multiple topological phases in the same material provide a realistic and
promising platform for the experimental realization of the TQPT.
I. INTRODUCTION
Topological insulators (TIs) have triggered a surge
of research activities due to their peculiar properties.
This intriguing state of matter is characterized by non-
zero topological invariants and exhibits unique features
such as an insulating gap in the bulk and robust metal-
lic surface or edge Dirac states protected by time-
reversal symmetry.1–3 Till now numerous two- and three-
dimensional TIs have been discovered with the spin-orbit
coupling induced parity inversion of conduction and va-
lence bands as a guiding principle.4–10
Dirac semimetals (DSM), on the other hand, have
metallic states touching only at a single point near the
Fermi energy with a linear band dispersion.11–16 The
bulk band gap of topological insulators too can be closed,
thereby placing the topologically protected metallic bulk
states at the critical point of a topological quantum phase
transition (TQPT). This has been realized by tuning an
intrinsic materials’ property such as spin-orbit interac-
tion by alloying composition or chemical doping.17–21 For
example, a quantum critical transition from a topolog-
ical insulator to a trivial insulator has been observed
in TlBiSe2−xSx22,23 and Hg1−xCdxTe,24 where a sin-
gle Dirac point occurs at the time-reversal-invariant-
momenta. The transition in these compounds is very
sharp in terms of exact alloying concentration, and real-
izing an accurate, stable, homogeneous 3D Dirac material
in these systems is an experimental challenge.18,20,24
These transitions can also be achieved through pres-
sure without the need of any doping or alloying. Be-
sides, this method circumvents the problem of unwanted
defects and inhomogeneity of doping. Hence, it has be-
come a popular tool for observing quantum phase tran-
sitions in topological materials. For example, strain-
induced topological phase transition was studied for el-
emental tellurium25 and HgSe.26 Pressure-induced topo-
logical phase transition in rocksalt chalcogenides,27 lay-
ered materials,28 BiTeI,29 Pb1−xSnxSe,30 bialkali bis-
muthide KNa2Bi31 and polar semiconductors BiTeBr,32
BiTeI33 was observed, while topological insulator phase
in NaBaBi34 and Zintl compounds35 was obtained start-
ing from a semimetallic state. The phase transition due
to pressure was also observed in topological crystalline
insulators.36
To observe the topological phase transition by detect-
ing the gapless metallic surface states, surface-sensitive
experimental techniques such as angle-resolved photoe-
mission spectroscopy (ARPES), scanning tunneling mi-
croscopy are used. However, performing ARPES to ob-
serve surface states at high pressures is a challenging
task; making it experimentally difficult to study pressure-
induced phase transitions in topological materials. On
the other hand, the theoretical investigations provide an
alternative feasible way to probe these transitions, as
well as to characterize simultaneously the peculiar sur-
face states before performing any experiments. Hence,
the interest in the theoretical exploration of pressure-
induced TQPTs has been renewed.
In this paper, we report pressure-induced topological
phase transitions in chalcopyrite compounds CdGeSb2
and CdSnSb2 by first-principles density functional based
approach. These materials are small band gap topologi-
cal insulators in their equilibrium states. The bulk band
gap of these materials decreases upon the application of
pressure, and materials transform to a DSM at a criti-
cal pressure. The band gap reopens with a normal band
order above the critical pressure. We also simulate the
ARPES at the ambient pressure as well as at the critical
point of TQPT using an ab initio tight-binding calcu-
lations. These TQPTs are further substantiated by a
generalized model Hamiltonian calculations, which emu-
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Figure 1. (color online). The conventional unit cell of II-IV-
V2 chalcopyrite compounds CdGeSb2/CdSnSb2 with corre-
sponding Brillouin zone and its projection onto (001) surface
along with high-symmetry points.
lates the evolution of bandstructure with the application
of pressure. This model shows the breaking of spherical
isotropic nature of bands and the emerging dominance of
anisotropic terms as a function of pressure, thereby sup-
porting the non-trivial to trivial phase transition. These
theoretical investigations provide an ideal platform to
study multi-topological phase transitions in the same ma-
terial and may serve as a guide for experimental realiza-
tion.
II. METHODOLOGY
Theoretical calculations were performed within the
first-principles density functional theory (DFT)37 using
Vienna Ab initio Simulation Package (VASP).38 Core
electrons were represented by projector-augmented wave
potentials.39 Since PBE functional underestimates the
band gap, it may not be applicable in the case of small
band gap materials with strong spin-orbit coupling, par-
ticularly where materials are classified as topological in-
sulators with a false band inversion. Hence we used a hy-
brid HSE functional which takes 25% of the short-range
exact exchange.40
Relativistic effects were included in the calculations
with a plane-wave basis energy cut-off of 400 eV and a
Γ-centered Monkhorst-Pack41 k-grid of 5×5×5. All the
structures, after the application of hydrostatic pressure,
were relaxed by employing a conjugate-gradient scheme
until the forces on each atom become less than 0.005
eV/Å. The band structures were then calculated with
and without SOC using these optimized structures.
The topological invariance, characterized by Z2 num-
ber, was calculated by the method of evolution of
Wannier charge centers (WCC), as implemented in the
Z2Pack.42 The charge centers of a given set of Wannier
functions are defined as the average position of charge of
a Wannier function in the chosen unit cell. The evolution
of WCC along any direction in k-space corresponds to the
change in the phase factor θ of the eigenvalues of the posi-
tion operator projected onto the occupied subspace.42–44
The odd number of crossings of any random horizontal
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Figure 2. (color online). Orbital-resolved electronic band
structure of CdSnSb2 and CdGeSb2 without spin-orbit cou-
pling (a) and (c) and with spin-orbit coupling (b) and (d).
The orbital contribution of atoms is denoted by s – , px – ,
py – and pz – .
reference line with the evolution of θ’s signifies a topo-
logical insulator with Z2 = 1. A tight-binding model was
built based on maximally localized Wannier functions
(MLWF) obtained using ab initio DFT results. An it-
erative Green’s function method was employed to obtain
the surface density of states.45,46 A generalized Lüttinger
j = 3/2 model Hamiltonian is constructed to mimic the
evolution of HSE bands with pressure.
III. RESULTS AND DISCUSSION
A. Crystallographic structure and electronic
properties
The compounds studied here belong to the class of II-
IV-V2 materials which crystallize in the tetragonal chal-
copyrite structure with I-42d space group.47,48 In this
structure, each of the group II and group IV elements
are tetrahedrally coordinated by four group V elements
while the group V elements are tetrahedrally coordinated
by two group II and two group IV elements, as shown
in Fig. 1. Since the group V atom is bonded to two
different types of cations, the respective bond lengths
are not necessarily the same. Hence the c/a ratio de-
viates from an ideal value of 2. The optimized lattice
parameters for the CdSnSb2 and CdGeSb2 unit cells are
a=b=6.63 Å, c=13.11 Å, and a=b=6.45 Å, c=12.48 Å,
respectively. The corresponding Brillouin zone with the
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Figure 3. (color online) Momentum resolved (001) surface
density of states calculated near Γ point for (a) CdSnSb2 and
(b) CdGeSb2 with SOC in the equilibrium phase.
high-symmetry points is also shown in Fig. 1.
Figure 2 shows the HSE band structures of CdSnSb2
and CdGeSb2 without and with spin-orbit coupling
(SOC). The inset shows the orbital contribution of Sb
atoms, which has major contribution of orbitals in the
vicinity of Γ point for both these compounds. In the
absence of SOC, the valence band maxima (VBM) has
the major contribution from Sb-s orbitals, followed by
the bands with Sb-px and Sb-py contribution, whereas
the conduction band minima (CBM) has Sb-pz character
dominating, along with minor Sb-px and Sb-py contri-
bution. On the inclusion of SOC, a small gap of 0.021
and 0.058 eV is opened for CdSnSb2 and CdGeSb2, re-
spectively. Furthermore, the order of valence bands gets
inverted at the Γ point due to interchange of Sb-s and
Sb-px, Sb-py character, for both the compounds. Hence,
CdSnSb2 and CdGeSb2 are non-trivial topological insu-
lators.
Since the non-trivial topological character should be
reflected on the surface, we did Z-terminated (001) plane
surface state calculations for CdSnSb2 and CdGeSb2,
based on the idea of the bulk-edge correspondence of the
TIs.39 The surface density of states with SOC, calculated
using iterative Green’s function method are shown in Fig.
3 and Fig. 4 for ambient pressure phase and at critical
pressure, respectively. The tight-binding model based on
the maximally-localized Wannier functions correctly re-
produces DFT bandstructure and simulates the ARPES
with the calculated surface density of states. The en-
ergy dispersion in two dimensions at the critical pressure
for both the materials is shown in Fig. 5. To further
confirm the topological nature for both the compounds,
we also calculated Z2 topological invariant through the
evolution of Wannier charge centers. The Z2 for these
compounds comes out to be one, thereby substantiating
their non-trivial topology.
Authors of Refs. 49 and 50 have also predicted these
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Figure 4. (color online) surface density of states for (a)
CdSnSb2 and (b) CdGeSb2 with SOC at the critical point
under hydrostatic pressure. Surface states are seen connecting
at the Dirac point.
materials to be topological insulators in their equilibrium
state with slightly larger bandgaps. This disparity might
have arisen because the authors49,50 have taken an ideal
chalcopyrite structure with c/a = 2.0; thereby overesti-
mating the strain.
B. Effect of hydrostatic pressure
Next, we analyzed how the electronic structures of
CdSnSb2 and CdGeSb2 change under hydrostatic com-
pression. We applied the hydrostatic compression in the
pressure range of 0 to 9 GPa, without considering the
possibility of the crystal structure phase transition. Fig-
ure 6(a) and 6(b) show the evolution of bulk energy band
structure under hydrostatic pressure, for CdSnSb2 and
CdGeSb2, respectively. With increasing pressure, the
band structure for both materials undergo similar inter-
esting changes. As discussed earlier, at ambient pres-
sure, the valence bands have major contribution from
Sb-px and Sb-py orbitals followed by the bands with s-
contribution and the conduction bands have major Sb-
pz contribution. As the pressure increases, the band gap
starts to reduce, while keeping the order of other bands
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Figure 5. (color online) The two-dimensional energy disper-
sion of at the critical point (a) CdSnSb2 and (b) CdGeSb2.
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Figure 6. Effect of hydrostatic pressure on the band structure of (a) CdSnSb2 and (b) CdGeSb2. The orbital contribution of
atoms is denoted by s – , px – , py – and pz – .
intact and becomes completely zero at the critical pres-
sure of 2.21 and 2.30 GPa for CdSnSb2 and CdGeSb2, re-
spectively. Hence, at low pressures, both the compounds
remain TIs with an inverted band order. As compression
increases, a topological quantum phase transition occurs
and the compounds turn to a Dirac semimetal (DSM)
state at the critical pressures. Figure 4 shows the cal-
culated surface density of states at the critical pressure.
Non-trivial edge states merging at the Dirac point can
be contrasted to the trivial bulk states. Interestingly, on
further increasing the pressure above this critical point,
the energy gap starts to increase along with change in
the character of bands. After the critical pressure, the
valence and conduction bands have major contribution
from Sb-pz, and Sb-s orbitals, respectively, which is an in-
verted order compared to that of the ambient phase. The
topological invariant Z2 above the critical point comes
out to be zero, thereby confirming the topological quan-
tum phase transition.
C. Model Hamiltonian
Since the orbitals s and p have a major contribution
around the Γ point at the fermi level, a four-band modi-
fied Lüttinger model51 Hamiltonian is constructed in the
basis of |SbJ , jz〉 = |Sb 3
2
,± 32 〉 and |Sb 32 ,±
1
2 〉. Mostly,
these four states consist of the bonding and antibonding
of s and p obitals of Sb atoms. The Hamiltonian is given
by,
H =
~2
2m0
(
α1k
2I0 + α2(k.J)
2
+ α3
∑
k2J2 + α4
)
(1)
where, I0 is a 4 × 4 identity matrix, and J=(Jx, Jy,
Jz) with Ji being the 3/2 angular momentum matrices.
The coefficients αi are Lüttinger empirical parameters
obtained by fitting them with HSE bandstructure. At
the Γ point, the degeneracy of all four bands is lifted by
introducing a band-gap dependent term α4. The first
5term with quadratic order in momentum in the Eqn. 1 is
invariant under spherical symmetry with inversion, rep-
resenting the isotropic nature of the bands. The second
and third terms introduce anisotropy in the bands, low-
ering the symmetry.
In the presence of spin-orbit coupling, the above
Hamiltonian can be represented by,
H =
 H11 H12 H13 H14H∗12 H22 H23 H24H∗13 H∗23 H33 H34
H∗14 H
∗
24 H
∗
34 H44

where,
H11 = (α1 − 3
4
α3)(k
2
x + k
2
y) + (α1 −
9
4
α3)k
2
z − 3α2kz + α4
H12 = −
√
3α2(kx − iky)
H13 = −
√
3
2
α3(k
2
x − k2y)
H14 = 0
H22 = (α1 − 7
4
α3)(k
2
x + k
2
y) + (α1 −
1
4
α3)k
2
z − α2kz + α4
H23 = −2α2(kx − iky)
H24 = −
√
3
2
α3(k
2
x − k2y)
H33 = (α1 − 7
4
α3)(k
2
x + k
2
y) + (α1 −
1
4
α3)k
2
z + α2kz + α4
H34 = −
√
3α2(kx − iky)
H44 = (α1 − 3
4
α3)(k
2
x + k
2
y) + (α1 −
9
4
α3)k
2
z + 3α2kz + α4
Diagonalization gives two sets of degenerate bands which
forms valence and conduction bands. Figure 7 shows the
fitted bands at ambient pressure and 8.01 GPa. The cor-
responding parameters are listed in Table I. While the
isotropic term remains unchanged, the second and third
terms in the Eqn. 1 vary profoundly with pressure, sig-
naling an enhancement of the anisotropy of bands.
The tunable Lüttinger parameters can be qualitatively
related to the effective masses. Due to the coupling of
cross-terms of momenta, the anharmonicity dominates
leading to an increase in off-diagonal terms in the effec-
tive mass tensor. These tensors for ambient phase, Dirac
semimetallic phase, and normal semiconductor phase are
given in Appendix A. The effective masses in certain di-
rections increase while in some directions decrease, sug-
gesting a built-up of anharmonicity.
The bands for the intermediate pressure values can be
obtained from varying the parameters, which are listed
in the Table I. A proper strain engineering enables the
control of the topological order. With a suitable choice of
parameters, this model can be further extended to study
the topological phase transition in a wide range of mate-
rials.
Table I. Lüttinger parameters
Pressure α1 (Å2 eV) α2 (Å2 eV) α3 (Å2 eV) α4 (eV)
ambient 46 -19 -11 0.03
8.01 GPa 46 -40 11 0.23
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Figure 7. (color online) The Lüttinger bandstructure for
CdSnSb2 fitted to HSE bandstructure for (a) ambient and
(b) 8.01 GPa hydrostatic pressure.
IV. CONCLUSION
In summary, we have performed first-principles calcu-
lations to study the topological phase transitions in chal-
copyrite compounds as a function of hydrostatic pres-
sure. These compounds are topological insulators in the
native phase with an inverted band order around BZ cen-
ter. Upon hydrostatic compression, there is a transition
from nontrivial TI phase to a Dirac semimetallic state
at a critical pressure. Further increase in pressure drives
the materials into a trivial semiconductors along with
normal ordering of bands. Different quantum phases are
characterized by topological invariants as well as surface
states. These quantum phase transitions are further vali-
dated by model calculations based on Lüttinger Hamilto-
nian, which unravels the critical role played by pressure-
induced anisotropy of frontier bands in driving the phase
transitions. Such a manoeuvre between various topo-
logical phases by hydrostatic pressure can stimulate the
search for TQPTs in future experiments.
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6Appendix A: Effective mass tensors
The effective mass tensors of CdSnSb2 at three differ-
ent phases (i.e. topological insulator, Dirac semimetallic
and semiconducting phases respectively) are given below.
m∗TI =
 −779.6 −21.8 −7.6−571.5 4.6
−769.4

m∗DM =
 −985.5 −24.8 −10.1−729.6 3.2
−968.3

m∗SM =
 −1049.4 −26.2 −11.1−775.3 2.8
−1029.5

∗ Equal contribution
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